We study what algebraic numbers can be represented by a product of algebraic numbers conjugate over a fixed number field K in fixed integer powers. The problem is nontrivial if the sum of these integer powers is equal to zero. The norm of such a number over K must be a root of unity. We show that there are infinitely many algebraic numbers whose norm over K is a root of unity and which cannot be represented by such a product. Conversely, every algebraic number can be expressed by every sufficiently long product in algebraic numbers conjugate over K. We also construct nonsymmetric algebraic numbers, i.e., algebraic numbers such that no elements of the corresponding Galois group acting on the full set of their conjugates form a Latin square.
Introduction
Let K be a number field, i.e., a finite extension of the field of rational numbers Q . In this paper, we investigate multiplicative relations with conjugate algebraic numbers. More precisely, for given β ∈ Q and k 1 , … , k n ∈ Z * , our main concern is to determine whether or not β can be expressed as α α … . Here, we do not assume that α 1 , … , α n are all distinct, nor we assume that the degree of α = α 1 over K is equal to n. Throughout the paper, we reserve the letter d for the degree of β over K. Also, with β 1 = β, β 2 , … , β d being the full set of conjugates of β over K, let L = K ( β 1 , … , β d ) be the normal closure of K ( β ) over K and let G = Gal ( L / K ) be the Galois group of L / K.
As in [1] , it is easily seen that M ( K; k 1 , … , k n ) = Q unless k 1 + … + k n = 0 (just take α 1 = … = α n = β 1 1 /( +…+ ) k k n ). We also have
Indeed, the equality k 1 + … + k n = 0 with nonzero k 1 , … , k n implies that n ≥ 2. The above inclusion can now easily be obtained by setting α 2 = … = α n and noting that M ( K; k k 1 , … , k k n ) = M ( K; k 1 , … , k n ) for k ∈ Z * (see Theorem 1 below).
The structure of M ( K; k 1 , … , k n ) is nontrivial if n ≥ 2 and k 1 + … + k n = 0 (see, e.g., Corollary 2 in Sec. 5). Note that if β ∈ M ( K; k 1 , … , k n ) with k 1 , … , k n ∈ Z K, namely Norm ( β ) = β 1 , … , β d , must be a root of unity. Indeed, setting F for the normal closure of L ( α ) over K and substituting β = α α where G = Gal ( L / K ). Since Norm / F K ( ) β is a natural power of Norm ( β ), the latter number is a root of unity.
In the next section, we state the main results of this paper. Their comparison with earlier results (in particular, with additive results) is discussed in Sec. 3. In Sec. 4, we prove Theorem 1 and Corollary 1. Section 5 contains the proofs of Theorems 2 and 3, which show that the condition on the norm of β is not sufficient for it to belong to M ( K; k 1 , … , k n ). In Sec. 6, we prove Theorem 4, which asserts that every β whose norm is a root of unity can be represented by every sufficiently long multiplicative form. We also present an example showing how, for a given β, one can find the corresponding α. The last section contains the construction of nonsymmetric numbers (see the definition at the end of Sec. 2).
Main Results
Below, k 1 , … , k n are integers, K is an arbitrary number field, L is the normal closure of K ( β ) over K,
is defined by taking the principal branch of the logarithm.
Our first theorem shows that the set M ( K; k 1 , … , k n ) is invariant under multiplication by roots of unity.
This implies that the search for possible α can be reduced to the numbers whose powers lie in the field L.
Theorem 1.
Suppose that β ∈ M ( K; k 1 , … , k n ), r ∈ Q , and ζ is a root of unity. Then ζ β, β
, where α 1 , … , α n are all conjugate to α over K. Then α can be chosen so that one of its natural powers lies in L.
In the next two theorems, we show that not all algebraic numbers whose norm is a root of unity lie in the set
The proof of Theorem 3 is constructive and, at the same time, it is rather unusual for this kind of proofs. It uses, e.g., some elementary properties of the Pell equation.
Then there is a subgroup H of G generated by n -1 (not necessarily distinct) elements and such that
is a root of unity.
Theorem 3.
Assume that k 1 , … , k n ∈ Z * are such that k 1 + … + k n = 0. Then there exists an alge-
Our final theorem shows that the condition for Norm ( β ) to be a root of unity is not only necessary, but also sufficient for β to lie in M ( K; k 1 , … , k n ), provided that n is sufficiently large. 
, where σ 1 denotes the identity, is a Latin square, namely, each of its rows and columns is a permutation of β 1 , … , β d . In Sec. 7, we prove the following result announced in [1] : The smallest possible degree for nonsymmetric numbers to occur is equal to 6.
Comparison with Earlier Results and Comments
There are several types of problems concerning additive and multiplicative relations in conjugates of an algebraic number. Given a field K, an algebraic number β over K, and k 1 , … , k n ∈ K, one can ask, e.g., whether β can be expressed as k 1 α 1 + … + k n α n with distinct α 1 , … , α n conjugate over K. Similarly, for integer k 1 , … , k n , one can ask whether β is representable as α α
The case β = 0 (and β = 1 in the multiplicative setting, respectively) was studied earlier by Kurbatov [2] , Smyth [3, 4] , Girstmair [5, 6] , Dixon [7] , and Drmota and Skalba [8] (see also [9, 10] ). Similar problems were also studied by Matveev [11] , Dubickas [12] , and Zaimi [13 -15] .
Given a positive integer n and nonzero k 1 , … , k n ∈ K, one can also ask what algebraic numbers β over K can be written as β = k 1 α 1 + … + k n α n with algebraic numbers α 1 , … , α n conjugate over K. For n = 2, a complete answer was given in [16] : an algebraic number β can be written as the difference α 1 -α 2 of algebraic numbers α 1 , α 2 conjugate over a number field K if and only if there is σ ∈ G such that σ β group 〈 σ 〉 generated by σ.) The case n ≥ 3 was the main subject of our paper [1] . Similarly, β can be written as the quotient α 1 / α 2 of algebraic numbers α 1 and α 2 conjugate over a number field k if and only if there is σ ∈ G such that σ β
is a root of unity. Note that in Hilbert's Theorem 90 (see, e.g., [17, 18] and also [19, 20] for generalizations), where both β and α are only allowed to lie in a fixed cyclic extension of K, the answer is different.
Let
with α 1 , … , α n conjugate to α over a number field K.
In [1] , we asked whether α can be chosen so that its natural power is equal to a
with integer a, a 1 , … , a d . This, as we claimed, would be sufficient for giving the additive theorems of [1] in the multiplicative form. In the present paper, we use a much weaker version of this statement (Corollary 1), but still attain the same goals as in [1] .
There is nothing like Theorem 1 needed in the additive case because, for r ∈ Q , the numbers rα and rα′ are conjugate over K if so are α and α′. This is, in general, not true in the multiplicative case: α r and α′ r need not be conjugate for α and α′ being conjugate. Theorem 2 is a direct analog of the corresponding additive theorem in [1] both in terms of the result and in terms of the proof. The proof of Theorem 3 is much more subtle compared to its additive analog (see the construction before Corollary 1 in [1]) because we cannot now use the normal basis theorem. The present construction uses, e.g., the fact that the Pell equation
where m is square-free, has infinitely many solutions in positive integers X and Y. It also involves an extra part of combinatorics. Finally, Theorem 4 looks essentially the same as its additive analog (Theorem 3 in [1] ), although, because of what has been said earlier, the practical computation becomes more difficult (see the example in Sec. 6). In particular, for d = 4, it follows that every β of degree ≤ 4 over Q can be represented by every form α α α
k k k of length 3 with fixed k 1 , k 2 , k 3 ∈ Z * and some algebraic numbers α 1 , α 2 , and α 3 conjugate over Q . Thus, for d = 4, the inequality n ≥ 3 of Theorem 4 is sharp. It cannot be replaced by the inequality n ≥ 2, which is shown by the example of β = 1 + 2 6 + ∉ M ( Q; 1, -1 ) (see [16] or use Theorem 2 with n = 2 combined with the fact that, for this β, G is the Klein 4-group).
Restrictions on Algebraic Numbers
Proof of Theorem 1. Write β = α α 
where D is the degree of α over K, a contradiction. Second, , , … are all conjugate over K, as claimed.
1u m with u < m coprime. Let k ′ be the greatest common divisor of k 1 , … , k n .
We can certainly assume that k ′ = 1 because otherwise the initial set of conjugates α 1 , … , α n can be replaced by the set α α Using the relation k 1 + … + k n = 0 (which can be assumed without loss of generality because otherwise Proof of Corollary 1. Let F be the normal closure of L ( α ) over K and let
By the main theorem of Galois theory, we get G = G / H, where
for every x ∈ F. It is clear that ϕ ( β ) = β m because β ∈ L. On applying ϕ to the equality β = α α
Also, since H is a group, we have σ j ( ϕ ( α ) ) = ϕ ( α ) for every j = 1, … , n. Hence,
The numbers ζ ϕ α ζ ϕ α
, , m n n m are conjugate over K for some m th roots of unity ζ 1 , … , ζ n .
As in the proof of Theorem 1, it now follows that there is a positive integer a such that β = δ δ ( ) are all conjugate over K. This completes the proof because
On Numbers That Cannot be Represented
Proof of Theorem 2. Suppose that β can be expressed as α α 2 ( ) … ( ) with σ 2 , … , σ n ∈ G. Setting H = 〈 σ 2 , … , σ n 〉, we deduce that
which implies Theorem 2. Let K be a number field and let p 1 , … , p n be prime numbers such that 
Lemma 1. The number β is a unit of degree 2 n over K such that no product of fewer than 2 n o f its conjugates is a root of unity.
Proof of Lemma 1. We see at once that β is a unit because it is a product of units x y m
it follows immediately that the degree of β over K is at most 2 n . The Galois group of K p p n 1 , , … ( ) / K is generated by n elements of order 2, say σ 1 , … , σ n , where σ j maps p j to -p j and every other p i , i ≠ j, to itself. The conjugates of β are all of the form
where ε i ∈ { 1, -1 }. We call ( ε 1 , ε 2 , … , ε l ) the signature of β′. The signature of every β′ is uniquely prescribed by the n signs ε i that correspond to S i containing exactly one prime number. Consider the table with 2 n rows and 2 n -1 = l columns whose first row contains 2 n -1 plus signs and the other 2 n -1 rows correspond to the signatures of different β′.
We first show that every row, except the first one, contains 2 n -1 -1 plus signs and 2 n -1 minus signs. This is, of course, the case for n = 1. Assume that this is true with n -1 instead of n. By adding the square root of the p n th prime with plus sign, we increase the number of plus signs by 1 + ( 2 n -2 -1 ) = 2 n -2 . The total number of plus signs will be 2 n -2 -1 + 2 n -2 = 2 n -1 -1. Similarly, after adding the square root of the p n th prime with minus sign, the total number of plus signs will be 2 n -2 -1 + 2 n -2 = 2 n -1 -1, unless all square roots p p n 1 1 , , … − were with plus signs. The latter situation, however, could also be achieved by adding the square root of the p n -1 th prime with minus sign, which leads to the former situation. Alternatively, if just one p n is with minus sign, then one can find the total number of minus signs by the formulas 1 1 1
Furthermore, every column of the table contains 2 n -1 plus signs and 2 n -1 minus signs. Indeed, if the sign of the column is determined by the sign of the product of v signs, then it is minus in
cases. The product of β and all different β′ is thus equal to 1. Clearly, β and all β′ are positive. Both remaining claims of the lemma will therefore follow if the product of < 2 n (not necessarily distinct) conjugates β is never equal to 1.
Suppose, contrary to our claim, that the product of some s < 2 n conjugates of β is equal to 1. Let s 1 of these be β itself, and let s -s 1 be different from β. There is no loss of generality to assume that s 1 ≥ 1 because we can map arbitrary β′ to β. Now consider the table with s rows and 2 n -1 columns that correspond to the conjugates involved in the product, where every row is taken with corresponding multiplicity. The total number of plus signs in the new (smaller) table is equal to s s s s s n n n n 1 1
This number is greater than s n ( − ) 2 1 2 / , so that the number of plus signs is greater than the number of minus signs. By our construction, the product of conjugates is equal to Proof of Theorem 3. Consider β as defined before Lemma 1. Every element of G, except identity, is of order 2. Furthermore, G is Abelian. Therefore, the order of every subgroup of G generated by n -1 of its elements is at most 2 n -1 . By Theorem 2, it follows that if β ∈ M ( K; k 1 , … , k n ) , then the product of at most 2 n -1 of its conjugates is a root of unity. This is however not the case by virtue of Lemma 1, a contradiction.
This completes the proof of Theorem 3 because, by Lemma 1 again, the degree of β over K is 2 n . (We have Norm ( β ) = 1 because every column in the table of signatures contains the same number of plus and minus signs.)
According to [16] , every algebraic number of prime degree whose norm is a root of unity belongs to 
Representation by Sufficiently Long Forms
The next lemma is a part of Lemma 2 proved in [1] . 
Lemma 2. Suppose that a d

Nonsymmetric Numbers
Clearly, every β of prime degree d over K is symmetric because the Galois group G contains a d-cycle. If, for d = 4, G does not contain a 4-cycle, then it is the Klein 4-group, and, therefore, the corresponding β is also symmetric. Hence, the smallest d for nonsymmetric β must be greater than or equal to 6. We now show that nonsymmetric numbers of degree 6 exist. To this end, we first introduce an "auxiliary" number α.
Let α be of degree 4 over K with the Galois group of K( ) α α α α however, | S ∩ {τ 9 , … , τ 14 } | < 3, then, once again, S < 3 + 2 = 5 because S S ∩ 8 ≤ 2. (Indeed, by symmetry, there is no loss of generality to assume that τ 1 ∈ S. Then τ 4 , τ 5 , τ 8 ∉ S, and, moreover, at most one element from { τ 2 , τ 3 , τ 6 , τ 7 } can belong to S.)
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